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RADIO WAVE PROPAGATION IN STRUCTURED IONIZATION
FOR SATELLITE APPLICATIONS II

1. INTRODUCTION

This report is an extension of reference 1 which developed the

algorithms necessary to calculate the signal structure parameters and the
generalized power spectrum which represent the simultaneous phase and
amplitude effects of propagating electromagnetic waves through media
characterized by a structured index of refraction. Portions of that

work were restricted to structure spectral indices greater than or equal
‘to two. Also, the effects description did not cover the phase effects
only component of the signal. This paper will reduce these restrictions.

2. ENVIRONMENT CHARACTERIZATION

The first step in any propagation study is to characterize the
ionization or equivalently the index of refraction fluctuations of the
ionospheric propagation environment. Figure 1 illustrates the geometry of
a typical satellite link. The index of refraction fluctuations, represented
schematically by the curved lines are typically elongated along the magnetic
field. 2 is a unit vector along the magnetic field and is a slowly varying
function of space since the field lines are curved. The z axis and the
; unit vector represent the propagation line of sight. The transmitter
by definition, is at 2z=0 and the receiver is at z=z_. The ; and ;

" t
unit vectors complete with t an orthogonal coordinate system that is used

to define the structure. The orientation of r and s is chosen to
best represent any anisotropy of the index of refraction structure
about the fiecld line. As with t, r and s may be slow functions of
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Figure 1. Propagation geometry.
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position. 1In the ;, ;; and t system the index of refraction fluctuations
are often represented by a power law power spectral density.

gnS/ ZA—nfLrLsLtr (m)/T (n-3/2)

PSD(K_,K ,K. ) = 1)
r’s’t 2.2 2.2 2.2.n
(I#LrKr+Lsks+Lth)

|
i
i
I
i
i

where
Kr’xs’xt = spatial wave numbers

L ,L ,L_ = structure outer scales
r 8t

2

Ani = index of refraction variance
I'(n) = gamma function of argument n

2n - 2 = fluctuation spectral index
Both in situ meas.u. ements 2-9 and theoretical considerations 10 imply that
n=2 for ionospheric structured environments. This spectral slope is ‘
belisved to be caused by the existence of very shaip edged structures. The
fluctuation power spectrum is considered a locally homogeneous quantity as
discussed by Tatarski 11. This means that the parameters can be slowly

varying functions in any space direction with respect to the spatial scale
in that direction.

MR AT

L
s

_ The structure variation of the index of refraction perpendicular
to the z axis dominates ‘e propayation effects while the variation parallel
to the ; axis enters only through the strength of the integrated phase
variance. “Thus Equation 1 must be transformed to a frame with one axis

being the z axis. These new axes are defined by:
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x 2/t x 2 (2a)

>

X =

~

y-

~N

x (tx2)/]zx (tx2)] (2b)
Two rotations suffice to accomplish the transformation. First, the r axis
is rotated about the t axis by angle ¢ to become parallel to the x
axis. ¢ is defined by

tsing = ¢ x (t x 2) (3a)

cosé = r o (t x 2) (3b)

Next, the ; axis is rotated about the ; axis by cngle ¢ into the ;
axis. & is defined by

xsin® = t x z (4a)

cosb = t o 2 (4b)

These transformations can be simplified by defining new effective scale sizes.

2 2 2 2,2
Ly = L cos¢ + Losin"¢ (Sa)
2 2 .2 2 2 2 2.2
Ly (Lrsin ¢ + Lscos $)cos ¢ + Ltsxn ¢ | (5b)
L2 = (Lzsin2¢ + chosz¢)sin20 + choszo (5¢)
z T s t
L. = (Lz-Lz)cosOcos¢sin¢ (5d)
xy s'Tr
\ L. = (L2-1)sintcosssing (Se)
N X2 r s’

AA A

L),z = (L

N

-Lisin2¢-Lscosz¢)cos@sino (56)
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The final result for the locally homogeneous index of refraction power
spectral density is

gn/ 2Ani‘ L L L T(n)/T(n-3/2)

P(KerKyKp) = "77‘77—:7 ”
(1*Lxxx*LyKy’Lsz’ZnyKxxy szkaz*ZLy K K )

(6)

3. DERIVATION OF SIGNAL STRUCTURE PARAMETERS

The required signal parameters are derivad from the differential
phase spectrum which is Equation 6 with K , Set to zero and multiplied by

K®, where K is the carrier frequency wave nuaber. The differential phase
spectrum is

|

ap, (K.K) PRI NI AniL LyL I (n)/T(n-3/2) 7

dz (1+L2K!+L: fm. XK y)

The mean square inltegrated phase fluctuation is

'g

z
2 t doi
O" = dz —az (8)
o
where

doz i
i $ . 2rT(n-1 KZZ;IL
x% dz T (n-3/2 i'z (%)
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L.L,L, | (10)

L =
(LxLY'ny)

Lz is redefined as the effective z axis scale. Finally

dp (K,K)  do? ar 22l Y (n-1)

(KX
Xy Lt xye an
z < n
z (1L KL K42l KK )

Equation 9 requires n greater than 1.5 which is an artifact of the spectral
form chosen for the index of refraction fluctustions. Equation 11 requires
n greater than one if dc:/dz is suitably redefined consistent with

Equation 8. The following development appllies to 1.2<ng4 where a well
defined dc:/dz is assumed.

Equation 11 can be Fourier transformed to

Ry(xy)  doi o™k ()
~dz " 4z - S (12a)
2" "T(n-1)
daz 2.m/2
. '3%‘ (}-Bn(p Ve o (12b)
X 2ty xyeZR?
fi where p- =
& 122,12
g Xy xy
'
3
%
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m = 2, n>2
m = 2n-2, 1.2<n<2

B, = constant of order unity (see Appendix B)

Equations 8, 11, and 12 are the fundamental equations from which all of
the required propagation quantities can be derived.

The mean square log amplitude fluctuation is developed in

Appendix A where the range of application has been extended from that in
Reference 1.

t 2 6 2 2.4
-5 1 da¢ 8a1 8(az-c2)c2
~ -— -
o
16cinc;M"'1(z)a§'2n
+ Io(z)+ Ty (13)

162" 1 (2) (¢ 72"-a?") | ns3

where Io(z) =
6-2n
2n n-1 €2
IO(Z) = 16c1 (z)1n ;; , n=3
(Li+L2)(zt-z)z
Mz v —fy
Kzt(LxLy-Lx
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min (cz, clMli(z))

a, =

a, = max (c,,C M;’(z))
2 2’1

¢, = 0.5

c, = 0.841

2
£'(n)+M(z)/n n M(z) 1
f(n) = ( 1+M(z) ) 1‘1‘2‘”‘1’,:‘( 3 " ToM(z) 1)]

£'(n) = 1.1 - max [0.0,0.5(n-2.4)]

' The perpendicular signal decorrelation s developed in Reference

1 already applies over the required range of spectral indices.

where

(14)
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LxLy-L xy

<
"
LR
<|

<]
"
]
b N
-
[}
N
<|
+
N l N
o
<
[ ]
<

10

----------

..........

-----
......

,
atatata




.......................
--------------------

<
L]

tr transmitter velocity

Vst

index of refraction structure velocity

V;e = receiver velocity

2

B(n,o:) minimum [1,(-0.34n +2.51n-2.00)(o§8n)1/ “‘]
The remaining signal structure parameters are derivable from the
mutual coherence function of U(z,T,X) where the propagating carrier

signal is expressed as

. -2 2.%
- iK(|r|"+2")
E(z’;’x) = M’Q_Q__ I l (15)

The mutual coherence function for U is

G(z,x,y,n) = U*(z,7;. X )U(2,T,K,) (16)

where n= (KE'KI)/KZ

XX+yy = T,-T;

The equation for G is

X dy
1 1 da: dRO(x,y)
e f{=11+ - G (17)
2 (l-n)i] dz dz

..




First, an approximate parallel signal decorrelation time and
angle of arrival distribution will be deveioped. Let n be zero. Also,
let us define a set of fixed axis, :1 and ;r, perpendicular to the ; axis
such that :x x ; = ; At each point on that ; axis, the rotation angle 5
between the ;: and the :l axis is defined by |

-~ ~ ~

Z2 sinf= xx u

cosf=2x°u

Let

2 _ .2 2.2 .2
L‘J Lycos e+Lxsin 0-2nysinecose

2 .2 2,.2 .2
Lv Lxcos 6+Lysin e+2nysinecose

- (1212 2 2
Luv (Ly-Lx)sinecose-ny(sin 6-cos"0)

The formal solution to Equation 17 for c:>l is

R ol N Tl 5% 27 T T 5 2 ST

m/2
: ¢ da: y 2 Liuz-Zquv-rL‘zrvz
g JE ' (i) 1?2 (18)
i G(zt,u,v) = e Xy Xy
.'.' The exponential is not factorable so we approximate Equation 18 by
|
-(c udee vi-2c, )2
G(zy,u,v) = o (19)
.
p
i
5 12
K]
N A e R U Sl e T e e e,
AN Y T RTRR NN A T T e e e T J



where

2/m
m/2
Ze do‘: A 2 lel
€y '*I Ek ‘z-) 77| & (200)
. tJ L_L-L
() Xy Xxy
2/m
2 2 m/ 2
} z, do¢ , \2 L,
xy " xy
Cav * sign(Gyy) l 'v|2/Ill (20c)
t do? A2 Ly, m/2
Qv - z ® (z_) 77 7| sienlly)d (20d)
o t LxLy-ny

Equations 19 and 20 are approximate generalizations of Equations 25 and

26 of Reference 1. Equations 19 and 20 agree with Equation 18 when n

is greater than or qual to two or if L, Lv’ and L,, are proportional to
each other along the z axis. Thus, Equations 19 and 20 are always reason-
able approximations for satellite C3 applications independent of n.

Next, let us rotate the u-v coordinates to remove the cross term
in G. Let

2C
tan (2¢) = a—%é—

u v

13
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P=ucosec-vVsine
qQ=usine + vcosc

1 2 i
Cp =5 fcu+cv* ((Cu'ch “cuv) J

-

L1 2 1]
C 2 _Cu+cv' ((cu'cv) +4Cuv

q -

Then
'(CPFZ’C qz)n/z
G(z,,P,Q) = © q (21)
The parallel siygnal decorrelation time is defined as
- 3.7
[ ] 273, 273372\ ¢ & ..
€y +Cg™) |V oV ge) °2l (22)

The final decorrelation time is

T, = minimum (t*,r.) (23)

The angle of arrival distribution is approximated by

Y -(CPPZOquz).lz 10 kp 10 Kq
P.(6_,8) = dp [a
o p q) :;7 [ P f q e e e (24)




.............

where

F&p]:eq Pa(ep, eq) = ] (25)

When m equals two, Equation 24 is equal to Equation 36 in Reference 1,
The measures of the angular scatter are defined by

2 2C
Og = (26a)
P | §
2C
2
g, = —}- (26b)
% K

For m equal to two, Equation 26 is the mean square scatiz2ring angle. For
m less than two, this interpretation is not strictly valid. Nevertheless,
ae: and oez remain good measures of angular scatter.
q
The generalized power spectrum can be derived by solving
Equation 17 using Equation 12 and the delta layer approximation.

z
do: ' tdo:
" ) (z-zl) 3z dz 27)

To account for time decorrelation, the argument for Equation 12b is
modified by incorporating the effective velocity, Vx, and a time
displacement argument

2.2 .2 2
L_y“+L_(x-V_At)
pz - xy x (28)

? L

Xy

15
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The cross term has been eliminated in unticipation of the two final cases:
one dimensional structure perpendicular to the line of sight and isotropic
structure around the line of sight. The effective velocity is assumed
parallel to the x axis. After some algebra we get

-1
fir g,  f! ®pre
20 ¢R 2 2 2.m/2
I‘(eefr)--m—f— ds | dr exp{-(s“+r")
Xy 2% %o c /[ ’
0 o Lo
| -2
! s6 e (SRR 3
i s T x N 11 ¢R™2
; -12 5" 12 —016’-- =] (e
2
eiwz )
Y s
2<re Zx’wo

for the isotropic structure statistics., For one diaensional structure

-1 .

fix fo  f£! 6

. lof ¢R1 ’ 2,m/2 .. s x
I‘l(ex,e ,£,7) = T - is exp -(s”) -i2 -

y 0 c 8
2
-1 fﬂf‘-f—i- K 2nflit - e: T f- x 6 (e ) (29b)
2\ £, 1 ;:g' 0 2’:_,',09 y

16
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where 6‘: = Rayleigh phase variance (see Appendix A)

f = scintillation frequency spread

t = delay
an(e.8) 202 | |
$n t™ 1'%
fi.fi. K'cL_2
xt
ex,ey- energy arrival angle .cordinates

The final generalized power spectinm iz ca.-:ulated by integrating the
product of Equation 29 and the trsi:nitter and receiver antenna gain
functions over the energy angle ¢f arr.val coordinates,

® g o
¢, %
r(g,1) = F‘ fdeyrn(ex, 0y, Gg(0,,9,)G f52 0,57 0, (30)

where oy is the root mean square vnery; angle of arrival with the
transaitter and receiver intercihunged. Calculations shows that the
functional form in Equatior 3C worl: w»ll Ffor thick layers as long as

Ty fo’ Tgs and oé are choszr. wvaperiy. Apnhandix D derives a slightly more
general form of Equation ¥ aud & usefu: epproximation for Equation 30 for
spectral indices greater than ¢r »guai to two. The Rayleigh phase variance,
:‘g. was introduced in Referen:s . to distinguish between that portion of
the phase variance that accounts for the Rayleigh component of the signal
and that portion that represents a phase effects only random signal
component. f) and fi as defined above apply to the delta layer. A
reasonable extension for thick layers is available by applying a scale
factor, H., to Equation 38 in Reference 1.
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1 i ()r()zr() (31)
— zZ)+ Z)+ 4
fiz R
o
) z’ do: 2:21.“2
where au(z') u M2 Bn_d? ;3:2-1-2— |
° X y xy,

L%
L* Yy xy
2 (4/m)-2
t da:
Hy = o“’ B3z
and ti is rodefined as
- 3
fl' fyz (32)
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Bquations 29 thrcugh 32 provide a reascnable representation of frequency
selective effects. For n greater than or equal to two, the results are
quite accurate. For smaller n, the results are less accurate. The a
aqual to 3/2 case was examined in detail. 1The inaccuracy in Equations
29 through 52 were quite acceptable including the case where both the
transaitter and the receiver were in the turbulent medium., The errcrs

| decrease as the layer thickness becomes comparable or smaller than the
free space propagation distances.

The frequency selective bandwidth is still defined by:

2

g -3
[ - o] e

c 2

4. THE PHASE EFFECTS ONLY SIGNAL COMPONENT

In the previous section, it was mentioned that a portion of the
integrated phase spectrum dete>mines a phase effects only signal component.
This signal component can be represented as

i2=fe
i ¢L(t)+j:f g(f)e
U¢(t) = e - (34)

where ¢L(t) represents possible large scale trends in the phase and g(f)
is a zero mean normally distributed variable representing the random phase
component. The total signel is the product of Equation 34 and the
Rayleigh component. The variance of g(f) is

g gl =8 (£-£1)P,(£) (35)

19
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where g(-f) equals g*(f). An approximate expression for the phase power
spectrum, P ¢(f). can be derived using the delta layer approximation.

Let

Froa Bquation 12 and the delta layer approximation, the phase
correlation function is

Also let
-1

2. .1/m 4
To = [(0‘¢Bn) ?t—pv]

The phase frequency spectrum is

n-2n+2 3:_.23

ZwHP(nrk) (c:) n Bn B T,

P(f) =
¢ I'(n-1) Fnﬁl.o;t[-qbrfro) 2 In' ]

20

(36a)

(36b)

time

(37a)

(37b)

(38)

(39)
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The phase power spectrum should be truncated at fR vhere

2 [P.(f)df . m(a:R’O.OZS) (40)

R
The frequencies greater than fR should be ignorec because either they
contribute to the Rayieigh signal component or they contribute little to
the total integrated phase variance., From Equatious 39 and 40

1 1 1
@) I -2
f - L P(l’l-l‘)
R 2nt B./® | x3(n-1)"(n-1)max(c,>,0.025) (41)
on R
In Bquation 41, fR is set to zero when o’: equaas o:. Equation 39 will

be equal to or greater than the actual phase spectral power. The actual
phase spectrum for a given n will be shallower in slope than above
because of geometric or physical non-global homogeneities in the index
of refraction statistics. The two will agree at approximstely f ecqual to
fR’ thus the actual spectrum will fall below Equation 39 for frequencies
less than fR.

In applications where the structured index of refraction is due
to ionization structure. The phase effects only phase spectrum is
usually represented as a total electron content power spectrum.

Prac(f) = (£/7,0) 7P, (8) (42)

where T, is the classical electron radius.
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The deveIOpnént~in this and the previous section assumed
that n was a globally homogenenus quantity. Proposed algorithms for
lifting this restriction are presented in Appendix C.

5. SUMNARY.

Theo preceeding sections extended the results of Reference 1 to
permit the prediction of the effects of structured index of refraction
on electromagnetic waves to spectral indices of less than two. The
phase effects only phase spectrum was developed, which along with the
Rayleigh component constitute a complete statistical description of a
scintillated signal. This work and that in Reference 1 form the basis
of a signal structure specification for satellite C3 applications
proposed in Reference 12.
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APPENDIX A

CALCULATION OF THE MEAN SQUARE LOG AMPLITUDE FLUCTUATION
AND THE RAYLEIGH PHASE YVARIANCE

The equation for the mean square log amplitude fluctuation is

dl( [(K +K (z -z)z| dp (Kx,K )
T" sin 2, &z z (A-1)

RS
where
(KK cz anuli2.12 21/ 2(n-1) 2
Tz (1+L +LyKy+2nyKxKy) (A-

Equation A-1 using A-2 is not integrable but it can be reasonably
approximated. Let

Kx-keosa
K = ¢ sin 6
)' K<

2 _ .2 (‘t‘”z

Ze

&

(L2+L2)(z ~-2)2
M(z) =

Kz (Lxl‘y ny)
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sinz(az) = a‘, a<c,
= c:4 azc
2* T=T2

The differential phase spectrum, in temas of a, is assumed constant for

a<c1M1’

(2)

and power law for larger values. Finally let
a, = min(c,,c M”(z))
1 2'71

= max (°2’ clhf’(z) )

a2,

The £inal approximation for 1.2<n4 is

2t , 2 6 4 2 2

do 8a 8c.,(a.,-c.)
7'%[“1%("-”“") W W
°

+1(2) + (A-3)

2n 4. n-1 2-2n
16«:.1 czu" (z)a2
2n-2

where

16cf“M“‘1(z)(Fg‘zn-ag‘zf)
Ty » NA3

I(z) =

1,(2) = 16cf“M“'1(z)1n<;%). n=3
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2 :
This range assumes that do¢ is well defined for n less than or equal to

15, dz

With the following choices for Cy» cz. and f(n), the error in Equation
A-3 is less than thirty percent.

c, = 0.5

1

c, = 0.84

2

£'(n)+M(z)/n n M(z) 1
£(n) = ""Tﬂ'('()‘z“m z 1-17 x| -5~ - Tomgey -}

f'(n) = 1.1-max(0.0,0.5(n-2.4))

The correction factors apply for all M(z) and n between 1.2 and 4. They
also apply for any value of Lx/Ly'

Equation A-3 is consistent and a bit more accurate than the x2
developaent in Reference 1. That result is still often preferable over its
range of application because of its simplicity.

2¢ g 2 (2) n-1
o M(z
i - %[‘"1% 0 0] (A-4)

The phase variance, for small M(z), is divisible into the Rayleigh
phase variance and the phase effects only portion. The Rayleigh phase
variance is defined as

27




Z is chosen as 0.1. The procedure to calculate o

2 -
2 1. 0 -0V () [Can A-5)
9 =7 a7 LI gon-1 B
(] a

C

a, is chosen using Equation A-3 to determine that portion of the integral

that contributes ;(Z to ;(7 This condition is approximated by

z, , lin(ac.cz)
do - 5.2
—3‘.- az & 16(n-1)f(n)cf"n“ ooy fda 24"
: 1"‘1(2)
[»]
mx(ac,cz)
a
€2
where
t d02 80,6

I = %Fz —d-:; (n-1)£(n) W%ﬂ' . (A-7)

[+]

ZR is relatively straight

b

forwmard. First, if y“<0.1, then 00'21-0. End procedure. If Izz,- then
2

%R * ci. End procedure. Otherwise calculate

—

e 2
I, = %«fdz dog M (2) (A-8a)
dz

28
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%t 402 1
I, = 3 |dz -a% M™% (z) , n#3

0

2

1 $ 1
Iz 'i dz T;MZ(Z)IHH, n=3

Next calculate

6-2n
Iy = (Iyc,

2
13 = Il 1I\€:)+ 12 , N=3

—

- 1,67/ (6-2n), nA3

.s 2
it Isso and 03/2<xc, then o 2-0. End procedure. If 1350 and a¢/22xc,

R
then ¢ 2-02. End procedure. Otherwise calculate

2 2n
xs = 16(n-1)f(n)c1 IS+I

If X - X_ < 0, then calculate
1

’;2;2‘" -on
- T 6-2n

c . » NA3
.c - (6‘2“* 2'1— JY CZ
2

16c1 (n-1)€(n)I

8c = G2 %P | » n=3

29
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(A-8b)

(A-8c)

(A-9a)

(A-9b)

—

(A-10)

(A-11a)

(A-11b)
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If ;Z - ;3 2 0, then calculate
1
I =2 -2
2-2n (2-2n) (xc-xs)
8. =|c, + Yl , N3 (A-12a)
16¢; ¢,(n-1)f(n)I
1 "2%Y 2
. 1
[ i 2-am
2.2n  (3=2) (X -X)
a, =l Tt —=n 7 , N=3 (A-12b)
16cS ¢, (n-1)f(n)I
172 1
Finally
21
2 2 2
g,, = min , 05 1, ng3 (A-13a)
¢R 4n-la - ¢
¢
b
i 7
21
0“2‘ = min [—r3—s , o: , n=3 (A-13b)
4 "a
c -
End procedure.

For 1.75n52.75, the results from Reference 1 are still preferable because
of their simplicity.

S
2 n-
2 |Xc(6-2n) n-1) 2

az-lin 00, - X

$R o

2
3-n
(A-14)

Equation A-14 has comparable accuracy to the previous procedure.
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APPE!NDIX B
THE B, COEFFICIENT

The Bn coefficient is defined by

n-1
e 4
2 W2 () x,,,l[cezwz) ]
Bn(D ) 81 - T (B-1)
cn2 ~“r(n-1)

whers 3e £ p £ 0.1

e = inner to outer scale ratio
a = minimum (2, 2n-2)

en-lln_l (e)

c =
221 (n-1)

n

The inner scale has been introduced to insure physically meaningful

results for n near two. Let us first examine n greater than or equal to
two. First note that

n-1

2 2% 2 2.1
(C +07) Kn-l [(€ +p0 )J . 21‘(!!-15_)__ cos e2+p2) dk
znff!‘(n-l) ‘l”l‘(n-l) (1*2)“‘ (8-2)
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By twice differentiating Fquations B-1 and B-2, it is easy to show for any
p less then about 0.1

I‘En-k) k2 cos (ek) dk
" e mir(n-1) [ (1+k4)™" 4

Equation B-3 can be approximated by

1 1/¢
r'(n-%) 2 . 3-2n £(n)
Bn.—é-——— fk dk +fk dk oD (B-4)
c," I'(n-1) o 1

| where £(n)/(n-1) is & correction factor to correct for the approximation
of the integral in Equation B-3. Now

-l |1 1 Zn-) £(n)
B a It o7 1- _(_ﬁ’ 2<n<d (B-5a)
n c,T T'(n-1) 3 - ( © n-
'n"!i—[é . 1n(%)]f(2) — (B-5b)
n

In the limit as ¢ becomes small

Limit RB_ = %%%:f)y , n>2 (B-6)
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By using Equation B-6 ard requiring continuity of Bn at n equal to two,
the correction factor can be evaluated

£(n) = (n-1)"2">, n»2 (B-7)

For n less than two, let us differentiate Equations B-1 and B-3
once. Then

= 2

I‘(n -35) X sin[(1+e2/p )x] dx

B_& (B-8)
(n-l)r(n 1)[ (pz+x )na’

where x equals kp. Equation B-8 can be approximated by

p
fxzdx +E:3‘2“dx+ Ezz'msin(x)dz -ff"_‘—i) (B-9)
J0

where it is assumed that p is greater than or equal to Je. Now

3
r(n-%) o 1 4-2n\ £(n)
Bnac w;r(n-l) [3 ‘T (l-p ] * O(&)] (n-) ¢-10)
n

As expected, Zquation B-10 is relatively insensitive to p which can be
thus thought of as a fit parameter. By choosing p equal to € and fitting
£f(n), Equation B-10 can be made continwous with Equation B-5. For

smail ¢, it can be shown that

a3
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Limit B_ = ,,”"ﬁ gn), n<2 (B-11)
c,® r(n-1)(n-1)

where g(n) = Lgﬂ:%'l sin (lﬂiﬂl), ;—<n<2
gn) = %, n-;

g(n) = I(3-2n) sin ("-1-3-5-2"—)), 1<n<;}

Using Equation B-11 and the continuity requirement at n equal to two, we

find
£(n) = (n-1)"0-14 (B-12)
The final approximation for B, is
T'(n-) 1 £(n)
B = —T_ -3 h( ) (3—13)
n c,® T(n-1) (3 e) (n-1)

where h(e) = T?%ﬁr (l-el 4-2n|)’ n#2

1
in (?), n=2

‘0030

£(n)

(n-1) ,» 2sn<4

(n-1)"01% 1 2ane2

£f(n)
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Equation B-13 is accurate to within twenty percent for the specified
variable ranges.

In principle, the inner to outer scale size ratio is not an
isotropic quantity. Fortunately, Equation 13 is insensitive to the :
precise value of ¢, hence any reasonsble estimate will do. To avoid .‘
underestimating effects, the maximum reasonable value of ¢ should be used. \
If this procedure is inadequate, then the anisotropy can be handled by \
defining'Bn as the non-e¢ dependent portion of Equation B-13 and redefining
the outer scales. For example, if n equals two, then the following

definitions can be used.
B! = 5 (B-14)
n Cn
:.1',2 - L:/[ln(l.tllr)-a-l/S_ (B-15a)
L;z - L:/[ln(l.s/ls)d/:s. (B-15b)
L - L:/[ln(l.tllt)ﬁ/?»‘ (B-15¢)

where 1. ls' and 1, are the inner scales. These new quantities substitute
for Lr’ Ls, Lt’ and Bn in all of the equations in this report.
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APPENDIX C |
LOCALLY HOMOGENEOUS SPECTRAL INDICES

The developments in Reference 1 and the present paper have
usually assumed that the fluctuation spectral index, or equivalently, n,
is a globally homogeneous variable. This appendix will propose procedures
to 1ift this limitation. It is assumed that the reader is familiar with
the other portions of this paper including the preceding appendices.

Let us start with the mean square log amplitude fluctuation and
the Rayleigh phase variance. Equation A-3 already applies for variable n.
In prevaration for calculation of the Rayleigh phase variance, Equation A-3

must be divided up into separate contributions from discrete values of n.
Let

2 2 .2
X" = 1{:xi *+ Xg (C-1a)
- 1 1:clcz Sag 8c;(a§-c§)
Xs = 3jz < (-1 W W — (C-1b)
o ,
t, 2 2n 4 n-i 2-2n
w3 1{, 49 16c) c, M (2)a)
Xi = I3i+ Mz - hi(n) (n-1)£(n) 55 - (C-1¢)
(o}
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z
t daz
1
131 = 7£dz -d% hi(n) (n-1)f(n) Io(z) (C-14d)

g
o1
g.
g

where hi(n) =1, |n-n. | ¢ Ani/2

il

= 0, |n-ni| > 4n,/2

If the range of n includes three, then for some i

TS T Y T e TA

: ni-AniIZ-S and/or ni_1+Ani_1/2-3

i . s Wi 2
The remaining quantities are defined in Appendix A. If X <X. then ¢ 0R=0.

N Otherwise calculate

%

i 1 t da: 2

. Ili 35 dz Iz hi(n) (n-1)f(n)M"(2) (C.2a)

(o]

i 1 % doi 1

| I; = 5|4z 2 h,m) -1 £mM " (2) (C-2b)

?‘

‘

E

i Let Si =], 131>0

g .

P

i s = ISk

3

A

3

R

|
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D Bl & i

s X

1f 1350 and 7 5;3: then o 2=-0. End.

NL}hJ

End. Let

C

' 2
If ;Z <0, then ¢

following equation.

Finally

2

°¢R

2n (& min
azc1 1Si Mmax 24

$R

c

¢R'°:' Erd procedure.

i 6-2n

If 1350 and

N 6-2n

......................

>

<,
o

hJ Q
e N

R - 2—- ;: —xf(l-si)

then o

-------------------

2.2
=g

¢

(c-3)

Othexrwise solve fbf a, in the

1
(ag.cx)-1y4¢)

\

_J

[ 2-2n,

3-n »0

i

2‘2“1

max (ac,cz)-c2 i

+ c41
2724 l-n

R
.o A2l
i 4M°

i

(C-4)

(c-52

The next parameter is the perpendicular signal decorrelation time,

t, . First, let

Zy

m/2
t da: '2203
.i = dz —&;h(ni)an

(]

39
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T, then satisfies the following equation.

2
n -0
z air&i - -ln[e-ln ¢ (l-e'l)] (C-7)
i

where m = ainimum (2,2ni-2). We also define the effective time index.

i
Ina,rt
i ii

n

T (C-8)

La,ti
ii

Next we calculate

2 42 2 2 2
Cat ® L" 2t b, %‘)7“5‘7]‘/ (c-92)

2 t Lxl'y'l'xy
2
%t 402 z 2 Ls

Cvi = §dz 1% h(ni)Bn (;) m (C-gb)
.! X'y “xy
4
] *t 40 A\ Il P2
- L uv -
? cl'IVi dz 12— h(ni) Bn (z) m— Sigﬂ(l.uv) (C 96)
k ° X'y Xy
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Now calculate "u and a v where

»

;: Cuia " =1
n
1

f Coitvi = 1

The angular index is defined as

i
:ni(cui‘u *cvi‘v
n, =

)

[ R A

h&-‘aﬁ-ﬁn‘. M et Wi 4 VT Tt a a2 s e T T Ve Ta At Tt ENE N

(] li Ii
;:(Cui‘u vily )

Also

n, = minimum (Z,Zne-z)

2/.a

Ii-l

6
C“-(}i:(‘:ui au
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(C-10a)

(C-10b)

(C-11)

(C-12)

(C-13a)

(C-13b)
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2/m
Cyy ® 121 ° sign (D)

b S|

T ic'vi('\l‘v) 2 (C-134d)

u

The above coefficients are then used in Equation 19 with m, substituting
for m. Thus

vue/ 2

2 2
-(Cuu +va -ZCWuv)

G(zt,u,v) = @

Equations 21 through 26 then follow. Equation 30 remains a reasonable
choice for the generalized power spectrum where the index, m, is redefined"
as

= = minimm (ng, n)

R = minimm (2, 2"1'2) (C-16)

Equation C-1S5 imposes a worst case functional form for the generalized
power spectrum with regards to both the freguency and delay. For
situations where frequency selectivity is not significant it is

best to use n for m to avoid overestimating the fade rate effects.
Convsrsely, if frequency selective effects dominate, L is probably the
best choice. If both effects are operative, then Equation C-15 is advised
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$S0 as to not underestimate the effects. In any event, non-globally
homo_eneous spectr:il indices imply some compromise in the fidelity of
the generalized power spectrum form so some conservatism is good.

Equation 31 through 33 remain reasonable with By replacing m
in Equation 31. Similarly Equations 39 and 41 can be used with n_ and m
replacing n and m; respectively.

The choices for n, and an, depend on the range of n and the
required resolution. If n varies continuously, then several values of n
are necessary with the finest resolution for small values of n. Another
possibility is where n has a number of discrete values corresponding to
different physical processes in different regions. In this case, ang
is chnsen as some arbritrarily small value. The formalism does not allow
ng equal to three, but any choice arbritrarily close to three is adequate.

This completes the formalism for locally homogeneous spectral
indices. Unfortunately, this formalism is significantly more complex ani
costly to implement over that for a globally spectral index. This
formalism also increases the degree of approximation particularly with
regards to Equation C-14, the functional form of the generalized powar
spectranm, fé, and the functional form of the phase effects only phase
power spectrum. These results still provide, however, reasonable
estimates of the signal structures and their resulting effects.
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APPENDIX D

THE TWO +REQUENCY MUTUAL CORRELATION FUNCTION
AND ANTENNA EFFECTS

To derive the various results of this appendix, the most

general equation for the two frequency mutual correlation function is
required. Let that function be

6(z,x,y,X,Y,n) = U*(z,T},K)) U(z,T,,K,)

(p-1)
where the orignial propagating signal is expressed as
X
k()%
E(z,F,K)= 9_(.!:_’2'.:_’9:. (D-2)

The squation for G is

45




T LT T NPT
SRR Pl G =

AL

do’ dR, (x,y,X,Y)
A3 2 $ L _¢ G (p-3)
2 (l-n)! dz - 1= dz

Equation 17 results from Equation D-3 by neglecting variation
of R¢(x,y,x,Y) with respect to X and Y and by assuming no initial
dependence of G on X and Y.

Equation D-3 can be used along with the delta layer approximation
and considerations from antenna theory to get the generalized power spectrum
including antenna effects. Let us assume that the receiving and trans-
mitting antennas are circular aperatures with gains of G and G',
respectively. In terms of the antenna aperature diameters

2

G = (!i‘l) (D-4a)
\2

G' = ("—?—) (D-4b)

where A is the propagation wavelength.
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Assuming isotropic fluctuations about the propagation line of sight
and o:>1, the generalized power spectrum is

-1
i 9erf2) A2cs
r,(£,7,0,,0,,01,6%) = (2n)" £ (—f;_ L

(41rzt)

2, a7}

a0 [ [ ] t

- i2 i
];lR[ded(At)e ( + To) . wRM . 2nfAt

-2
1 (léé) 20 37- (ne_£) % (vR) 2 2 20 02
e 2 2T TR - 471(s) 437(s")

‘ 7 7 (0-5)
S

where s2 =G [Q"nrofca+9x)2 + Ql’wkoewy)z]

3'2 = G'[(z”nofoévre;)z + (Z&WRO‘ON-B)")Z]
ex,ev = receiving antenna pointing error

e;t,e)', = transmitting antenna pointing error

Jl(s) = Bessel function

a7
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:R = Rayleigh phase variance

)

]
aez = energy angle of arrival variance at transmitter

m = minimm of two and spectral index

For one dimensional structure transverse to the propagation line of
sight, insert § (M) § (R) at the end of Equation D-5 and integrate over R
and M. The gain factors and the free space propagation loss have been
left in Equation E-5. Usually these terms are handled separutely.

By dropping these terms, assuring a spectral index greater than
or equal to two, zeroing the pointing errors, and approximating the Bessel
functions terms by a gaussian function, the following generalized power
spectrum can be calculated.

2 2
3/4 % 2 .1 ) '
bty = LRSS A3 ] £, e-(ﬂéf) . -2-[(1rr;f) -2wf'2ﬂ £,
H] T :
2 A f'zcv¢R F-—z%n
2
'a £
1 --f—z IR ( 2 v ) C
F 1+{(nr'£) “-2nfuy : D-6)
S ¢ ° 2 /\3%r
-X -sz“Z
where F(z) = |dx e
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2 2
b vev? 1f : £
2%t [ £ -(ne'f)” -xl(nr'f)-2nflv c D-7)
0”1 c 0 Z] o 1 Fo o
P.(£,7) = () e '0¢R |
1™ Al: P{O¢R N \
‘ Gog G'og')
where A= {1+ m + —m—
_ 3
t! L A
fra £ A
n n
and the Bessel function terms were approximated by
2
4J§ (s) - —:—
—y— e (p-8)
s
The functional form of the power spectrums is identical to that in Reference
1. Thus, the results in Reference 1 and 12 can be used after scaling T,
and fo and accounting for the power loss. The scaling of T and fo is
generally beneficial to systems. Unfortunately, the power loss generally

negates much of the gain unless there is a large margin.
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